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LIGHTLIKE HYPERSURFACES OF METALLIC
SEMI-RIEMANNIAN MANIFOLDS
BI˙LAL EFTAL ACET
Abstract. In our article, we introduce and study lightlike hypersurfaces of
a metallic semi-Riemannian manifold. We examine some geometric properties
of invariant lightlike hypersurfaces. We show that the induced structure on an
invariant lightlike hypersurface is also metallic. We also define screen semi-
invariant lightlike hypersurfaces, investigate integrability conditions for the
distributions and give some examples.
1. Introduction
In terms of differential geometry, submanifold theory has an attraction for ge-
ometers. One of the most important topic is the theory of lightlike submanifolds.
A submanifold of a semi-Riemann manifold is called a lightlike submanifold if the
induced metric is degenerate. So, geometry of lightlike submanifold is very different
from the non-degenerate submanifold. The general view of lightlike submanifold
has been introduced in [1]. Later, K. L. Duggal and B. S¸ahin have been devel-
oped many new classes of lightlike submanifolds on indefinite Kaehler [2], indefinite
Sasakian [3] manifolds and different applications of lightlike submanifolds [4]. On
this subject, some applications of the theory of mathematical physics, especially
electromagnetisms [1], black hole theory [4] and general relativity [5], is inspired.
Many studies on lightlike submanifolds have been reported by many geometers
(see [8, 9, 14, 12, 19, 11, 10] and the references therein).
Investigating submanifold theory on manifolds endowed with various geomet-
ric structures provides a fruitful study field. Recently, Riemannian manifolds with
metallic structures are widely studied and metallic structures on Riemannian mani-
folds provides many geometric results to characterize a submanifold of such ambient
manifolds.
As a generalization of the golden mean, in 2002, V. W. de Spinadel [16] in-
troduced metallic means family which contains the silver mean, the bronze mean,
the copper mean and the nickel mean etc. For some positive integer p and q, the
positive solution of
x2 − px− q = 0,
is called a (p, q)-metallic number [15] which has the expression
σp,q =
p+
√
p2 + 4q
2
.
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It is well-known that we have the golden mean φ = 1+
√
5
2
, for p = q = 1 and the
silver mean σ2,1 = 1 +
√
2, for p = 2, q = 1. The metallic mean family plays an
important role to establish a relationship between mathematics and architecture.
For example silver and golden mean can be seen in the sacred art of India, Egypt,
China, Turkey and different ancient civilizations [20].
Polynomial structures on manifolds were introduced by S. I. Goldberg, K. Yano
and N. C. Petridis in [21, 22]. As a particular case of polynomial structures which is
called golden structure was defined in [24, 25] and some generalizations of this called
metallic structure in [26]. Being inspired by the metallic mean, the term of metallic
manifold was studied in [26] by a (1, 1)-tensor field J˜ on N˜ which satisfies J˜2 = pJ˜+
qI, where p, q are fixed positive integer numbers and I is the identity operator on
N˜ . Moreover, if (N˜ , g˜) is a Riemannian manifold endowed with a metallic structure
J˜ such that the Riemannian metric g˜ is J˜ -compatible, i.e., g˜(J˜X, Y ) = g˜(X, J˜Y ),
for any X,Y ∈ X(N˜), then (g˜, J˜) is called metallic Riemannian structure and
(N˜ , g˜, J˜) is a metallic Riemannian manifold. Metallic structure on the ambient
Riemannian manifold provides important geometrical results on the submanifolds,
since it is an important tool while investigating the geometry of submanifolds.
Invariant, anti-invariant, semi-invariant, slant and semi-slant submanifolds of a
metallic Riemannian manifold are studied in [28, 29, 30] and the authors obtained
important characterizations on submanifolds of metallic Riemannian manifolds.
One of the most important subclasses of metallic Riemannian manifolds is the
golden Riemannian manifolds. Many authors have studied golden Riemannian man-
ifolds and their submanifolds in recent years (see [25, 27, 18, 7]. N. Poyraz O¨nen and
E. Yas¸ar [13] initiated the study of lightlike geometry in Golden semi-Riemannian
manifolds, by investigating lightlike hypersurfaces of a golden semi-Riemannian
manifold.
Motivated by the studies on submanifolds of metallic Riemannian manifolds and
lightlike submanifolds of semi-Riemannian manifolds, in this paper we introduce
lightlike hypersurfaces of a metallic semi-Riemannian manifold. Section 1 is de-
voted to preliminaries containing basic definitions for metallic semi-Riemannian
manifolds and lightlike hypersurfaces. Section 3 is divided two subsections. Firstly
we define invariant lightlike hypersurfaces of a metallic semi-Riemannian manifold
and prove that induced structures on the invariant hypersurfaces are also metallic.
In Subsection 2 we examine screen semi-invariant lightlike hypersurfaces, give ex-
amples and investigate integrability conditions for the distributions defined in such
hypersurfaces.
2. Preliminaries
The positive solution of
(2.1) x2 − px− q = 0,
is called member of the metallic means family [16] , where p, q are fixed positive
integers. These numbers denoted by;
(2.2) σp,q =
p+
√
p2 + 4q
2
,
are known (p, q)-metallic numbers.
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A polynomial structure on a semi-Riemannian manifold N˜ is known metallic if
it is determined by J˜ such that
(2.3) J˜2 = pJ˜ + qI.
If a semi-Riemannian metric g˜ satisfies the equation
(2.4) g˜(U, J˜V ) = g˜(J˜U, V ),
which yields
(2.5) g˜(J˜U, J˜V ) = pg˜(U, J˜V ) + qg˜(U, V ),
then g˜ is called J˜-compatible.
Definition 2.1. A semi-Riemannian manifold (N˜ , g˜) equipped with J˜ such that the
semi-Riemannian metric g˜ is J˜-compatible is named a metallic semi-Riemannian
manifold and (g˜, J˜) is called a metallic semi-Riemannian structure on N˜ .
Example 2.1. Let N˜ = R73 be a semi-Euclidean space with coordinate system
(x1, x2, ..., x7) and signature (−,+,−,+,−,+,+).
Taking
J˜(x1, x2, ..., x7) = ((p− σ)x1, σx2, (p− σ)x3, σx4, (p− σ)x5, σx6, σx7),
then we can see that
J˜2 = pJ˜ + qI.
Therefore J˜ is a metallic structure on N˜ .
Remark 2.1. Putting p = 1 = q in (2.5) then (g˜, J˜) is a golden (semi)-Riemannian
structure (see [6], [7]).
A polynomial structure on N˜ defined by a smooth tensor field of type (1, 1)
induces a generalized almost product structure F˜ , F˜ 2 = I, on N˜ .
Proposition 2.1. [26] Every almost product structure F˜ induces two metallic struc-
ture on N˜ given as follow:
(2.6) J˜1 =
p
2
I +
(
2σp,q − p
2
)
F˜ , J˜2 =
p
2
I −
(
2σp,q − p
2
)
F˜ .
Conversely, every metallic structure J˜ on N˜ induces two almost product structures:
(2.7) F˜ = ±
(
2
2σp,q − pJ˜ −
p
2σp,q − pI
)
.
Let N˜ be a semi-Riemannian manifold with index q, 0 < q < n+ 1, and N´ be a
hypersurface of N˜ , with g = g˜ |
N´
. Then N´ is a lightlike hypersurface of N˜, if the
metric g is of rank n and the orthogonal complement T N´⊥ of T N´ , given as
T N´⊥ =
⋃
p∈N´
{Vp ∈ TpN˜ : gp(Up, Vp) = 0, ∀U ∈ Γ(TpN´)},
is a distribution of rank 1 on N´ [1]. T N´⊥ ⊂ T N´ and then it coincides with the
radical distribution RadT N´ = T N´ ∩ T N´⊥.
A complementary bundle of T N´⊥ in T N´ is a non-degenerate distribution of
constant rank n−1 over N´ , which is known a screen distribution and demonstrated
with S(T N´).
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Theorem 2.1. [1] Let (N´ , g, S(T N´)) be a lightlike hypersurface of a semi-Riemannian
manifold N˜ . Then there exists a unique rank 1 vector sub-bundle ltr(T N´) of T N˜ ,
with base space N , such that for every non-zero section E of RadT N´ on a coordinate
neighbourhood ℘ ⊂ N´ , there exists a section N of ltr(T N´) on ℘ satisfying:
g˜(N,N) = 0, g˜(N,W ) = 0, g˜(N,E) = 1, for W ∈ Γ(S(T N´) |℘ .
ltr(T N´) is called the lightlike transversal vector bundle of N´ .
By the previous theorem, we can state:
(2.8) T N´ = S(T N´)⊥RadT N´,
T N˜ = T N´ ⊕ ltr(T N´)
= S(T N´)⊥{RadT N´ ⊕ ltr(T N´)}.(2.9)
Let ω : Γ(T N´) → Γ(S(T N´)) be the projection morphism. For U, V ∈ Γ(T N´), we
have
(2.10) ∇˜UV = ∇UV +B(U, V )N,
(2.11) ∇˜VN = −ANU + τ(U)N,
(2.12) ∇UωV = ∇∗UωV + C(U, ωV )E,
(2.13) ∇UE = −A∗EU − τ(V )E.
For the induced connection ∇, we have
(2.14) (∇Ug)(V, Z) = B(U,Z)θ(V ) +B(U, V )θ(Z),
where θ is a differential 1-form and
(2.15) θ(U) = g˜(N,U).
Also note that
(2.16) B(U,E) = 0,
(2.17) g(A∗EU, PV ) = B(U, PV ), g (A
∗
EU,N) = 0,
(2.18) g(ANU, PV ) = C(U, PV ), g(ANU,N) = 0,
(2.19) A∗EE = 0.
3. LIGHTLIKE HYPERSURFACES OF METALLIC
SEMI-RIEMANNIAN MANIFOLDS
Let N´ be a lightlike hypersurface of a metallic semi-Riemannian manifold (N˜ , g˜, J˜).
For every U ∈ Γ(T N´) and N ∈ Γ(ltr(T N´)), we get
(3.1) J˜U = ϕU + u(U)N,
(3.2) J˜N = ξ + v(E)N,
where ϕU , ξ ∈ Γ(T N´), and u, v are 1-forms given by
(3.3) u(U) = g(U, J˜E), v(U) = g(U, J˜N).
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Lemma 3.1. Let N´ be a lightlike hypersurface of (N˜ , g˜, J˜). Then we have
(3.4) ϕ2U = pϕU + q(U)− u(U)ξ,
(3.5) u(ϕU) = pu(U)− u(U)v(E),
(3.6) ϕξ = pξ − v(E)ξ,
(3.7) v(E)2 = pv(E) + q − u(ξ),
(3.8) g(ϕU, V ) = g(U,ϕV ) + u(V )θ(U)− u(U)θ(V ),
g(ϕU,ϕV ) = pg(U,ϕV ) + qg(U, V ) + pu(V )θ(U)(3.9)
−u(V )g(ϕU,N)− u(U)g(ϕV,N).
Definition 3.1. A metallic semi-Riemannain structure J˜ is called a locally metallic
structure if J˜ is parallel, i.e., ∇˜J˜ = 0.
Lemma 3.2. Let N´ be a lightlike hypersurface of a locally metallic semi-Riemannian
manifold (N˜ , g˜, J˜). Then we have
(3.10) (∇Uϕ)V = u(V )ANU +B(U, V )ξ,
(3.11) (∇Uu)V = B(U, V )v(E) −B(U,ϕV )− τ(U)u(V ),
(3.12) ∇Uξ = −ϕANU + τ(U)ξ +ANUv(E),
(3.13) U(v(E)) = −B(U, ξ)− u(ANU).
3.1. Invariant Lightlike Hypersurfaces.
Definition 3.2. Let N´ be a lightlike hypersurface of a locally metallic semi-
Riemannian manifold (N˜ , g˜, J˜). In that case N´ is called invariant hypersurface
of N˜ if
(3.14)
J˜(RadT N´) = RadT N´,
J˜(ltr(T N´)) = ltr(T N´).
Example 3.1. Let N˜ = R52 be a semi-Euclidean space with coordinate system
(x1, x2, x3, x4, x5) and signature (−,+,−,+,+). Taking
J˜(x1, x2, x3, x4, x5) = (σx1, σx2, σx3, σx4, σx5),
then we can see that
J˜2 = pJ˜ + qI,
which implies J˜ is a metallic structure on N˜ .
Now, consider a hypersurface N´ of N˜ with
x1 = σx5.
Then T N´ of N´ is spanned by
Φ1 =
∂
∂x2
, Φ2 =
∂
∂x3
,
Φ3 =
∂
∂x4
, Φ4 = σ
∂
∂x1
+
∂
∂x5
,
6 BI˙LAL EFTAL ACET
So, RadT N´ and ltr(T N´) are given by
RadT N´ = Sp{E = σ ∂
∂x2
+ σ
∂
∂x3
},
and
ltr(T N´) = Sp{N = 1
2σ2
(σ
∂
∂x2
− σ ∂
∂x3
)}.
Thus we arrive at
J˜E = σE and J˜N´ = σN,
which shows that N´ is an invariant lightlike hypersurface.
Theorem 3.1. Let N´ be a lightlike hypersurface of a locally metallic semi-Riemannian
manifold (N˜ , g˜, J˜). Then the structure ϕ is a metallic structure on N´ .
Proof. N´ is an invariant lightlike hypersurface iff
J˜U = ϕU.
So we get
(3.15) u(U) = 0.
By use of (3.4) and (3.8), we arrive at
ϕ2U = pϕU + qU
and
g(ϕU, V ) = g(U,ϕV ).

Theorem 3.2. Let N´ be an invariant lightlike hypersurface of a locally metallic
semi-Riemannian manifold (N˜ , g˜, J˜). Then
(3.16) i) B(U, J˜V ) = B(J˜U, V ) = J˜B(U, V ),
(3.17) ii) B(J˜U, J˜V ) = pB(U, J˜V ) + qB(U, V ).
Proof. i) Since N´ is an invariant lightlike hypersurface of a locally metallic semi-
Riemannian manifold N˜ , then
(3.18) ∇˜U J˜V = ∇U J˜V +B(U, J˜V )N,
and
(3.19) ∇˜U J˜V = J˜(∇UV ) +B(U, V )J˜N.
From (3.18) and (3.19), we obtain (i).
ii) It is obvious from (3.16) with equation (2.5). 
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3.2. Screen Semi-Invariant Hypersurfaces.
Definition 3.3. Let N´ be a lightlike hypersurface of a locally metallic semi-
Riemannian manifold (N˜ , g˜, J˜). If
(3.20)
J˜(RadT N´) ⊂ S(T N´),
J˜(ltr(T N´)) ⊂ S(T N´),
then N´ is called a screen semi-invariant hypersurface of N˜ .
Example 3.2. Let N˜ = R52 be a five dimensional metallic semi-Riemannian mani-
fold with the structure (N˜ , g˜, J˜) given in Example 2.1. Consider a hypersurface N´
of N˜ with
x5 = σx1 + σx2 + x3.
Then T N´ of N´ is spanned by
Φ1 =
∂
∂x1
+ σ
∂
∂x5
, Φ2 =
∂
∂x2
+ σ
∂
∂x5
Φ3 =
∂
∂x3
+
∂
∂x5
, Φ4 =
∂
∂x4
.
The radical distribution RadT N´ and lightlike transversal distribution ltr(T N´) are
given by
RadT N´ = Sp{E = σΦ1 − σΦ2 +Φ3},
ltr(T N´) = Sp
{
N =
1
2
(
−σ ∂
∂x1
+ σ
∂
∂x2
− ∂
∂x3
+
∂
∂x5
)}
.
It follows that S(T N´) is spanned by {Ω1,Ω2,Ω3}, where
Ω1 = −q ∂
∂x1
+ q
∂
∂x2
+ σ
∂
∂x3
+ σ
∂
∂x5
,
Ω2 =
1
2
{ −σ(p− σ) ∂
∂x1
+ σ(p− σ) ∂
∂x2
−σ ∂
∂x3
+ σ ∂
∂x5
}
,
Ω3 =
∂
∂x4
.
Thus we arrive at
Ω1 = J˜E and Ω2 = J˜N,
which imply that N´ is a screen semi-invariant hypersurface of N˜.
Example 3.3. Let N˜ = R52 be a 5-dimensional metallic semi-Riemannian manifold
with the structure (N˜ , g˜, J˜) given in Example 3.1. If we take a hypersurface N´ of
N˜ given by
x5 = σx3 + σx4 + x1,
then T N´ of N´ is spanned by
Φ1 =
∂
∂x1
+
∂
∂x5
, Φ2 =
∂
∂x2
,
Φ3 =
∂
∂x3
+ σ
∂
∂x5
, Φ4 =
∂
∂x4
+ σ
∂
∂x5
.
The radical distribution RadT N´ and lightlike transversal distribution ltr(T N´) are
given by
RadT N´ = Sp{E = σΦ3 − σΦ4 +Φ1},
8 BI˙LAL EFTAL ACET
ltr(T N´) = Sp
{
N =
1
2
(− ∂
∂x1
− ∂
∂x3
+
∂
∂x4
+
∂
∂x5
)
}
,
respectively. It follows that S(T N´) is spanned by {Ω1,Ω2,Ω3}, where
Ω1 =
1
2
{ −σ ∂
∂x1
− σ ∂
∂x3
+σ ∂
∂x4
+ σ ∂
∂x5
}
,
Ω2 = σ
∂
∂x1
+ σ2
∂
∂x2
− σ2 ∂
∂x4
+ σ
∂
∂x5
,
Ω3 =
∂
∂x2
.
Thus we arrive at
Ω1 = J˜N and Ω2 = J˜E,
which imply that N´ is a screen semi-invariant hypersurface of N˜.
Since S(T N´) is non-degenerate, we can define an (n−2)-dimensional distribution
µ0 such that
(3.21) S(T N´) = µ0⊥{J˜(RadT N´)⊕ J˜(ltr(T N´))},
from which
(3.22) T N´ = {J˜(RadT N´)⊕ J˜(ltr(T N´))}⊥µ0⊥Rad(T N´),
(3.23) T N˜ = {J˜(RadT N´)⊕ J˜(ltr(T N´))}⊥µ0⊥{Rad(T N´)⊕ ltr(T N´)}.
Taking D˚ = Rad(T N´)⊥J˜(Rad(T N´))⊥µ0 and D˚′ = J˜(ltr(T N´)) on N´, we get
(3.24) TN = D˚ ⊕ D˚′.
Let ζ = J˜N and ψ = J˜E be local lightlike vector fields. For U ∈ Γ(T N´), we can
write
(3.25) U = QU +RU,
where Q and R are projections of T N´ into D˚ and D˚′, respectively.
Moreover, for U, V ∈ Γ(T N´), ζ ∈ Γ(D˚′) and ψ ∈ Γ(D˚), we get
(3.26) ϕ2U = pϕU + q(U)− u(U)ζ,
(3.27) u(ϕU) = pu(U), u(ζ) = q,
(3.28) g(ϕU, V ) = g(U,ϕV ) + u(V )θ(U)− u(U)θ(V ),
g(ϕU,ϕV ) = pg(U,ϕV ) + qg(U, V ) + pu(V )θ(U)
−u(V )g(ϕU,N)− u(U)g(ϕV,N),(3.29)
(3.30) (∇Uϕ)V = u(V )ANU + g(A∗EU, V )ζ,
(3.31) (∇Uu)V = −B(U,ϕV )− u(V )τ(U),
(3.32) ∇Uζ = −ϕANU + τ(U)ζ,
(3.33) ∇Uψ = −ϕA∗EU − τ(U)ψ,
(3.34) B(U, ζ) = −C(U,ψ).
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Theorem 3.3. Assume that N´ is a screen semi-invariant lightlike hypersurface of
a locally metallic semi-Riemannian manifold (N˜ , g˜, J˜). Then lightlike vector field
ψ is parallel on N´ iff
i) N´ is totally geodesic on N˜ ,
ii) τ = 0.
Proof. Let ψ be a parallel vector field. In view of (3.1) and (3.33), for U ∈ Γ(T N´),
we get
0 = −ϕA∗EU − τ(U)ψ
= −J˜A∗EU − τ(U)ψ + u(A∗EU)N.(3.35)
Applying J˜ to (3.35) and from (3.1) with (2.3), we find
−pϕ(A∗EU)− pu(A∗EU)N − qA∗EU
−pτ(U)ψ − qτ(U)E − u(A∗EU)ζ(3.36)
= 0.
Taking tangential and transversal part of equation (3.36), we obtain
qA∗EU = −qτ(U)E − u(A∗EU)ζ, pu(A∗EU) = 0,
which yields
A∗EU = 0, τ(U) = 0.

Theorem 3.4. Let N´ be a screen semi-invariant lightlike hypersurface of a locally
metallic semi-Riemannian manifold (N˜ , g˜, J˜). Then lightlike vector field ζ is parallel
on N´ iff N´ and S(T N´) is totally geodesic on N˜ .
Proof. Since ζ is a parallel vector field, by use of (3.1) and (3.32), for U ∈ Γ(T N´)
we get
0 = −ϕANU − τ(U)ζ(3.37)
= −J˜ANU − τ(U)ζ + u(ANU)N.
Applying J˜ to (3.37) and using (3.1) with (2.3), we have
−pϕ(ANU)− pu(ANU)N − qANU(3.38)
−pτ(U)ζ − qτ(U)N − u(ANU)ζ
= 0.
Therefore, from (3.38), we obtain
qANU = u(ANU)ζ, pu(ANU) = qτ(U).
So we get the proof of our assertion. 
Definition 3.4. Let N´ be a screen semi-invariant lightlike hypersurface of a locally
metallic semi-Riemannian manifold (N˜ , g˜, J˜). If B(U, V ) = 0, for any U ∈ Γ(D˚)
and V ∈ Γ(D˚′), then N´ is called a mixed geodesic lightlike hypersurface.
Theorem 3.5. Let N´ be a screen semi-invariant lightlike hypersurface of a locally
metallic semi-Riemannian manifold (N˜ , g˜, J˜). Then N´ is a mixed geodesic lightlike
hypersurface if and only if
i) There is no component of AN , D˚−valuable.
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ii) There is no component of A∗E , D˚
′−valuable.
Proof. Suppose that N´ is mixed geodesic, i.e.,
(3.39) B(U, ζ) = 0.
By use of (2.4) and (2.11) in (3.39), we get
0 = B(U, ζ) = B(U, J˜N)
= g˜(∇˜U J˜N,E)
= g˜((∇˜U J˜)N + J˜∇˜UN,E)
= g˜(∇˜UN, J˜E)
= −g˜(ANU, J˜E),
from which we obtain (i).
Since
−g˜(ANU, J˜E) = g˜(A∗EU, J˜N),
we arrive at (ii). 
Now, we consider the distribution µ0, defined in (3.21). In view of (3.22) and
taking
β = {J˜(Rad(T N´))⊕ J˜(ltr(T N´))}⊥Rad(T N´),
for any U ∈ Γ(T N´), V ∈ Γ(µ0) and Z ∈ Γ(β), we can state
(3.40) ∇UV =
µ0∇UV +
µ0
h (U, V ),
(3.41) ∇UZ = −
µ0
AZU +∇⊥UZ,
where
µ0∇ is a linear connection on µ0,
µ0
h : Γ(T N´) × Γ(µ0) → Γ(β) is an ℑ(N´)
bilinear,
µ0
A is an ℑ(N´) linear operator on Γ(µ0), respectively, and ∇⊥ is a linear
connection on β.
Let ℘ ⊂ N´ be a coordinate neighborhood. Then according to decomposition
given by (3.22), we take
(3.42)
α1(U, V ) = g(
µ0
h (U, V ), J˜N),
α2(U, V ) = g(
µ0
h (U, V ), J˜E),
α3(U, V ) = g(
µ0
h (U, V ), N),
for every U, V ∈ Γ(µ0 |℘). Thus we can write equation (3.40) by
(3.43) ∇UV =
µ0∇UV + 1
q
α1(U, V )J˜E +
1
q
α2(U, V )J˜N + α3(U, V )E.
We shall compute α1, α2 and α3 in terms of B and C. Starting with
g(∇UV, J˜N) = g(
µ0∇UV + 1
q
α1(U, V )J˜E +
1
q
α2(U, V )J˜N + α3(U, V )E, J˜N)
= α1(U, V ).
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Then by use of (2.10) and (2.11), we get
g(∇UV, J˜N) = g(J˜∇UV,N)
= g(J˜∇˜UV,N)
= g((∇˜U J˜)V + J˜∇˜UV,N)
= g(J˜∇˜UV,N)
= −g(ANU, J˜V ) = −C(U, J˜V ).
Next we find
g(∇UV, J˜E) = g(
µ0∇UV + 1
q
α1(U, V )J˜E +
1
q
α2(U, V )J˜N + α3(U, V )E, J˜E)
= α2(U, V ),
and from (2.10) and (2.13), we obtain
g(∇UV, J˜E) = g(J˜∇UV,E)
= g(J˜∇˜UV,E)
= g((∇˜U J˜)V + J˜∇˜UV,E)
= g(J˜V, ∇˜UE) = B(U, J˜V ).
By a similar way, we compute
g(∇UV,N) = g(
µ0∇UV + 1
q
α1(U, V )J˜E +
1
q
α2(U, V )J˜N + α3(U, V )E,N)
= α3(U, V ),
and
g(∇UV,N) = −C(U, V ).
So, we can rewrite equation (3.43) with
(3.44) ∇UV =
µ0∇UV − C(U, J˜V )J˜E −B(U, J˜V )J˜N − C(U, V )E,
Theorem 3.6. Let N´ be a screen semi-invariant lightlike hypersurface of a locally
metallic semi-Riemannian manifold (N˜ , g˜, J˜). Then µ0 is integrable if and only if
(3.45) C(J˜U, V ) = C(U, J˜V ), B(J˜U, V ) = B(U, J˜V ), C(U, V ) = C(V, U),
for every U, V ∈ Γ(µ0).
Proof. Because of ∇ is linear connection, by using (3.44) we get
[U, V ] =
µ0∇UV −
µ0∇V U
+(C(U, J˜V )− C(J˜U, V ))J˜E
+(B(U, J˜V )−B(J˜U, V ))J˜N
+(C(U, V )− C(V, U))E.
If µ0 is integrable then the components of [U, V ] with respect to J˜E, J˜N and E
vanish. So, we get proof of our asssertion.
Conversely, if (3.45) is satisfied we get
[U, V ] ∈ Γ(µ0).

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Theorem 3.7. Let N´ be a screen semi-invariant lightlike hypersurface of a locally
metallic semi-Riemannian manifold (N˜ , g˜, J˜). Then the distribution D˚ is integrable
if and only if
(3.46) B(J˜U, J˜V ) = pB(V, J˜U) + qB(V, U),
for every U, V ∈ Γ(D˚).
Proof. Taking U, V ∈ Γ(D˚), we get J˜U ∈ Γ(D˚). Then D˚ is integrable iff
g˜([J˜U, V ], J˜E) = g˜(∇˜J˜UV, J˜E)− g˜(∇˜V J˜U, J˜E)
= g˜(J˜∇˜J˜UV,E)− g˜(J˜∇˜V U, J˜E)
= g˜(−((∇˜J˜U J˜)V + ∇˜J˜U J˜V, E)
−pg˜(∇˜V U, J˜E)− qg˜(∇˜V U,E)
= g˜(∇˜J˜U J˜V, E)− pg˜(∇˜V U, J˜E)− qg˜(∇˜V U,E)
= B(J˜U, J˜V )− pB(V, J˜U)− qB(V, U),
which gives (3.46). 
Theorem 3.8. Let N´ be a screen semi-invariant lightlike hypersurface of a locally
metallic semi-Riemannian manifold (N˜ , g˜, J˜). Then D˚ is parallel iff D˚ is totally
geodesic on N´ .
Proof. From the definition of the distribution D˚ we know that D˚ is parallel if and
only if
g(∇UV, ψ) = 0.
So, we have
0 = g(∇UV, ψ)
= g˜(∇UV, ψ)
= g˜(∇UV, J˜E)
= g˜(J˜∇UV,E)
= g˜(−((∇˜U J˜)V + ∇˜U J˜V, E)
= g˜(∇˜U J˜V, E) = B(U, J˜V ).
Thus we prove the assertion. 
Definition 3.5. Let N´ be a lightlike hypersurface of a locally metallic semi-
Riemannian manifold (N˜ , g˜, J˜). If for every U, V ∈ Γ(T N´)
(3.47) C(U, ωV ) = φB(U, V ),
or AN = φA
∗
E , then N´ is called screen conformal lightlike hypersurface, where φ is
a non-vanishing smooth function [4].
From (3.34) with (3.47), we find
(3.48) B(U, ζ + φψ) = 0.
Theorem 3.9. Let N´ be a screen conformal screen semi-invariant ightlike hyper-
surface of a locally metallic semi-Riemannian manifold (N˜ , g˜, J˜). If N´ or screen
distribution S(T N´) is totally umbilical then N´ is totally geodesic in N˜.
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Proof. Let N´ be totally umbilical. Then we know that
(3.49) B(U, V ) = λg(U, V ).
From (3.48), we get
(3.50) λg(U, ζ + φψ) = 0.
Putting U = ψ in (3.50) we have λ = 0 and U = ζ in (3.50) we have λφ = 0. So we
get B = 0 = C.
Now, if S(T N´) is totally umbilical we arrive at B = 0 = C. 
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